A temperature-dependent viscodamage model is proposed and coupled to the temperature-dependent Schapery's nonlinear viscoelasticity and the temperature-dependent Perzyna's viscoplasticity constitutive model presented in Abu Al-Rub et al. (2009) and Huang et al. (in press) in order to model the nonlinear constitutive behavior of asphalt mixes. The thermo-viscodamage model is formulated to be a function of temperature, total effective strain, and the damage driving force which is expressed in terms of the stress invariants of the effective stress in the undamaged configuration. This expression for the damage force allows for the distinction between the influence of compression and extension loading conditions on damage nucleation and growth. A systematic procedure for obtaining the thermo-viscodamage model parameters using creep test data at different stress levels and different temperatures is presented. The recursive-iterative and radial return algorithms are used for the numerical implementation of the nonlinear viscoelasticity and viscoplasticity models, respectively, whereas the viscodamage model is implemented using the effective (undamaged) configuration concept. Numerical algorithms are implemented in the well-known finite element code Abaqus via the user material subroutine UMAT. The model is then calibrated and verified by comparing the model predictions with experimental data that include creep-recovery, creep, and uniaxial constant strain rate tests over a range of temperatures, stress levels, and strain rates. It is shown that the presented constitutive model is capable of predicting the nonlinear behavior of asphaltic mixes under different loading conditions.
Introduction
Hot Mix Asphalt (HMA) is a highly complex composite which can be considered to be consist of three scales: (a) the micro-scale (mastic), where fine fillers are surrounded by the asphalt binder; (b) the meso-scale, fine aggregate mixture (FAM), where fine aggregates are surrounded by the mastic; and (c) the macro-scale which includes all the coarse aggregates surrounded by FAM. Numerous experimental studies have shown that the material response of HMA is time-, rate-, and temperature-dependent and exhibits both recoverable (viscoelastic) and irrecoverable (viscoplastic) deformations (e.g. Perl et al., 1983; Sides et al., 1985; Collop et al., 2003) . It is well recognized that asphalt binders exhibit nonlinear behavior under high strains or stresses. Since the stiffness of aggregates is several orders of magnitude greater than that of the binder, the occurrence of strain localization in the binder phase is a common phenomenon which causes the binder to behave nonlinearly in the HMA. Moreover, rotation and slippage of aggregates and interaction between binder and aggregates during the loading can also contribute to nonlinear behavior of HMA (Masad and Somadevan, 2002; Kose et al., 2000) . The evolution of micro-cracks and micro-voids and rate-dependent plastic (viscoplastic) hardening are other major sources of nonlinearity in the thermo-mechanical response of HMA.
The viscoelastic response of HMA can be well-predicted using Schapery's nonlinear viscoelasticity model (Schapery, 1969) as recently shown by Huang et al. (2007) and Huang et al. (in press ). In fact, Schapery's single integral model is widely being used to model the behavior of viscoelastic materials such as polymers (e.g. Christensen, 1968; Schapery, 1969 Schapery, , 1974 Schapery, , 2000 Sadkin and Aboudi, 1989; Haj-Ali and Muliana, 2004; Muliana and Haj-Ali, 2008) . Furthermore, Touati and Cederbaum (1998) , Haj-Ali and Muliana (2004) , Sadd et al. (2004) and Huang et al. (2007) have developed numerical schemes for implementation of Schapery's constitutive model in finite element (FE) codes.
In terms of the viscoplastic behavior of asphalt mixes, the Perzyna's theory (Perzyna, 1971) has been used by several researchers for predicting the permanent deformation in HMA. For example, Seibi et al. (2001) and Masad et al. (2005 Masad et al. ( , 2007 have used Perzyna's viscoplasticity along with the Drucker-Prager yield surface for modeling HMA; however, the recoverable response was modeled using linear elasticity. Saadeh et al. (2007) , Saadeh and Masad (2010) and Huang et al. (in press) coupled the nonlinear viscoelasticity model of Schapery and Perzyna's viscoplasticity model to simulate more accurately the nonlinear mechanical response of HMA at high stress levels and high temperatures. However, the changes in the material's microstructure during deformation cause HMA materials to experience a significant amount of microdamage (micro-cracks and micro-voids) under service loading conditions, where specific phenomena such as tertiary creep, post-peak behavior of the stress-strain response, and degradation in the mechanical properties of HMA is mostly due to damage and cannot be explained only by viscoelasticity and viscoplasticity constitutive models. Models based on continuum damage mechanics have been effectively used to model the degradations in materials due to cracks and voids (e.g. Krajcinovic, 1984; Kachanov, 1986; Lemaitre, 1992; Lemaitre and Desmorat, 2005) . Masad et al. (2005) included isotropic (scalar) damage in an elasto-viscoplastic model for HMA that has been modified by Saadeh et al. (2007) , Saadeh and Masad (2010) and Graham (2009) to include Schapery's nonlinear viscoelasticity. However, they did not include the effects of time-, rate-, and temperature on damage nucleation and growth. In fact, there are few studies that couple damage to viscoelasticity in order to include time and rate effects on damage evolution (e.g. Schapery, 1975 Schapery, , 1987 Harper, 1986 Harper, , 1989 Simo, 1987; Sjolind, 1987; Weitsman, 1988; Peng, 1992; Gazonas, 1993 ). Schapery's viscoelastic-damage model (Schapery, 1975 (Schapery, , 1987 , which has been modified by Schapery (1999) to include viscoplasticity, is currently used to reasonably predict the damage behavior of asphaltic materials (e.g. Kim and Little, 1990; Park et al., 1996; Park and Schapery, 1997; Lee and Kim, 1998; Chehab et al., 2002; Underwood et al., 2006; Kim et al., 2007; Sullivan, 2008 , and the reference quoted therein). This model is based on: (1) the elastic-viscoelastic correspondence principle based on the pseudo strain for modeling the linear viscoelastic behavior of the material; (2) the continuum damage mechanics based on pseudo strain energy density for modeling the damage evolution; and (3) time-temperature superposition principle for including time, rate, and temperature effects. However, the limitations of it can be used only to predict viscoplasticity and damage evolution due to tensile stresses; and (2) it treats asphaltic materials as linear viscoelastic materials irrespective of temperature and stress levels. Another attempt is made by Uzan (2005) to develop a damaged-viscoelastic-viscoplastic model for asphalt mixes, but the model is valid for one-dimensional problems and cannot be used for multiaxial state of stress.
Because of the complex behavior of HMA, the coupling of the nonlinear thermo-viscoelasticity, thermo-viscoplasticity, and temperature-and rate-dependent damage (thermo-viscodamage) modeling seems inevitable. However, surprisingly, very limited work has been focusing on the development of such models, and the current study attempts to close this gap and develops a robust model that overcomes the limitations of the current models for HMA.
A challenge in the modeling of HMA is that damage nucleation and growth depend on temperature, rate of loading, and deformation history. Various experimental data under uniaxial and multiaxial proportional/non-proportional loadings have shown that the damage response of HMA materials depends on the time, temperature, and loading rate (e.g. Abdulshafi and Majidzadeh, 1985; Scarpas et al., 1997; Lu and Wright, 1998; Seibi et al., 2001; Collop et al., 2003; Kim et al., 2005 Kim et al., , 2008 Masad et al., 2007; Grenfell et al., 2008) . The term ''thermo" in this paper is used to address the temperaturedependent behavior of HMA materials; whereas the term ''visco" is referred to time-and rate-dependent behavior of HMA materials.
Several rate-dependent damage models have been used to predict the tertiary creep response of elastic media which is mostly referred to as creep-damage. Kachanov (1958) was the first to introduce a scalar called continuity and proposed an evolution law for creep-damage. Odqvist and Hult (1961) showed that under some conditions the Kachanov's approach coincides with an earlier theory of cumulative creep-damage proposed by Robinson (1952) . Afterwards, Rabotnov (1969) stated that damage also affects the strain rate and proposed a modified equation for creep-damage evolution. Later, various types of creep-damage evolution laws in terms of stress, strain, and energy potentials have been proposed by other researchers (e.g. Belloni et al., 1979; Cozzarelli and Bernasconi, 1981; Lee et al., 1986; Zolochevsky and Voyiadjis, 2005; Voyiadjis et al., 2003 Voyiadjis et al., , 2004 Sullivan, 2008) . Although many papers are devoted to improve equations for damage evolution laws in elastic media for different loading conditions (one can refer to the books by Krajcinovic (1984) , Kachanov (1986) , Lemaitre and Chaboche (1990) , Lemaitre (1992) , Voyiadjis and Kattan (1999) , Skrzypek and Ganczarski (1999) and Lemaitre and Desmorat (2005) ), very few damage models have been coupled to nonlinear viscoelasticity and viscoplasticity along with rate-and temperature-dependent damage constitutive equations in order to predict the mechanical response of materials at different temperatures, stress levels, and strain rates as should be done for HMA.
The main objective of this paper is to develop a general, single, and useful material constitutive model for predicting the macroscopic behavior and evolution of damage in HMA materials under different loading conditions. This model combines nonlinear thermo-viscoelastic, thermo-viscoplastic, and thermo-viscodamage evolution equations, and is implemented into the well-known commercial finite element code Abaqus (2008) via the user material subroutine UMAT. This general model employs the Schapery's nonlinear viscoelastic model to predict the recoverable strain, whereas the viscoplastic strain is modeled using Perzyna's viscoplasticity theory, similar to the recent work by Huang et al. (in press ). The emphasis in this paper is placed on extending the work of Huang et al. (in press) by formulating a thermo-viscodamage model based on phenomenological aspects, which allows the combined constitutive model to predict phenomena such as tertiary flow, post-peak stress-strain response, and temperature-and rate-dependent behavior of HMA materials. The model is used to analyze the experimental data of HMA mixtures subjected to creep-recovery at different temperatures in order to obtain the thermo-viscoelastic and thermoviscoplastic model parameters as outlined by Abu . In addition, a number of creep tests are used to calibrate the thermo-viscodamage model. Consequently, the model is used to predict creep-recovery, creep, and constant strain rate tests at different temperatures, strain rates, and stress levels.
The outline of this paper is as follows: In Section 2 model formulation for the coupled nonlinear viscoelastic, viscoplastic, and viscodamage models is presented. In Section 3, the numerical algorithms and computational implementation of the constitutive equations in the finite element code Abaqus (2008) are presented. Determination of the model parameters and model calibration is presented in Section 4. In Section 5, the implemented model is validated by comparing the model predictions and HMA response using a set of creep-recovery, creep, and constant strain rate tests over a range of temperature, stress levels and strain rates. A parametric study on the effects of temperature and viscodamage model parameters is conducted in Section 6. Final conclusions are drawn in Section 7.
Constitutive model

Nomenclature
Notations and symbols used in this paper are summarized in Table 1 .
In this paper, bold letters indicate that the variable is a tensor or a matrix and regular letters represent scalar variables.
Total strain additive decomposition
The total deformation of the Hot Mix Asphalt (HMA) subjected to an applied stress can be decomposed into recoverable and irrecoverable components, where the extent of each is mainly affected by time, temperature, and loading rate. In this study, small deformations are assumed such that the total strain is additively decomposed into a viscoelastic (recoverable) component and a viscoplastic (irrecoverable) component:
where e ij is the total strain tensor, e nve ij is the nonlinear viscoelastic strain tensor, and e vp ij is the viscoplastic strain tensor. The constitutive equations necessary for calculating e nve ij and e vp ij will be presented in Sections 2.4 and 2.5, respectively. Kachanov (1958) has pioneered the concept of continuum damage mechanics (CDM), where he introduced a scalar measure called continuity, f, which is physically defined by Rabotnov (1969) as:
Effective (undamaged) stress concept
where A is the damaged (apparent) area and A is the real area (intact or undamaged area) carrying the load. In other words, A is the resulted effective area after micro-damages (micro-cracks and micro-voids) are removed from the damaged area A. The continuity parameter has, thus, values ranging from f = 1 for intact (undamaged) material to f = 0 indicating total rupture. Odqvist and Hult (1961) introduced another variable, /, defining the reduction of area due to micro-damages:
where A D is the area of micro-damages such that A D ¼ A À A. / is the so-called damage variable or damage density which starts from / = 0 (even for initial damaged material) ending with / = 1 (for complete rupture). In fact, fracture or complete rupture mostly occurs when / = / c , where / c is the critical damage density, which is a material property (Abu Al-Rub and .
Based on CDM definition of an effective area, the relationship between stresses in the undamaged (effective) material and the damaged material is defined as (see Chaboche (2003) , for a concise review of effective stress in CDM):
where r ij is the effective stress tensor in the effective (undamaged) configuration, and r ij is the nominal Cauchy stress tensor in the nominal (damaged) configuration. However, in order to accurately model the degradation in strength and stiffness because of the damage evolution, Cicekli et al. (2007) and Abu Al-Rub and Voyiadjis (2009) 
which is adapted in this work. The evolution law for the damage variable / will be discussed in detail in Section 2.6, which is the main focus of this paper.
It is noteworthy that since the effective stress r ij is the one that drives more viscoelastic and viscoplastic deformations, the thermo-viscoelastic and thermo-viscoplastic constitutive equations in the subsequent sections are expressed in terms of r ij .
The superimposed ''-" in Eqs. (4) and (5), and in the subsequent developments designates the effective configuration. However, a transformation hypothesis is needed to relate the nominal stress and strain tensors (r and e) to the stress and strain tensors in the undamaged (effective) configuration (r and e). For this purpose, one can either adapt the strain equivalence hypothesis (i.e. the strains in nominal and effective configurations are equal) or the strain energy equivalence hypothesis (i.e. any form of strain energy in the nominal configuration is equal to the corresponding strain energy in the effective configuration) (see Abu Al-Rub and , for more details). Although, the strain energy equivalence hypothesis is intuitively more physically sound, but greatly complicates the constitutive models and their numerical implementation . Therefore, for simplicity and easiness in the finite element implementation of the subsequent complex constitutive equations, the strain equivalence hypothesis is adopted. In fact, for small deformations and isotropic (scalar) damage assumptions, one can assume that the strain differences in the nominal and effective configurations are negligible (Abu Al-Rub and such that postulating the 
Nonlinear thermo-viscoelastic model
In this study, the Schapery's nonlinear viscoelasticity theory (Schapery, 1969) 
where a T , a s , and a e are the temperature, strain or stress, and environment (e.g. moisture, aging) shift factors, respectively. For numerical convenience, the Prony series is used to represent the transient compliance DD, such that:
where N is the number of terms, D n is the nth coefficient of Prony series associated with the nth retardation time k n . In the above and subsequent equations, the superimposed t and s designate the response at a specific time.
As proposed by Lai and Baker (1996) , the one-dimensional nonlinear viscoelastic model in Eq. (7) can be generalized to threedimensional problems by decoupling the response into deviatoric and volumetric parts, such that:
where e nve ij and e nve kk are the deviatoric strain tensor and the volumetric strain, respectively; G and K are the undamaged shear and bulk moduli, respectively, which are related to the undamaged Young's modulus E and Poisson's ratio m by:
J and B are the undamaged shear and bulk compliances, respectively; S ij ¼ r ij À r kk d ij =3 is the deviatoric stress tensor in the effective configuration; d ij is the Kronecker delta; and r kk is the volumetric stress in the effective (undamaged) configuration. Using Schapery's integral constitutive model (Eq. (7)) and after some mathematical manipulations, the deviatoric and volumetric components of the nonlinear viscoelastic strain at time t can be expressed, respectively, as follows (Lai and Baker, 1996) :
where the material constants J 0 and B 0 are the instantaneous effective elastic shear and bulk compliances, respectively. By assuming the Poisson's ratio m to be time-independent and representing the transient compliance as the Prony series, Eq. (9) 
where the superscript Dt designates the time increment. It is noteworthy that the only difference between Eqs. (7)- (15) and those presented in Huang et al. (in press ) is that they are expressed in the effective (undamaged) configuration, which allows one to easily couple viscoelasticity to damage evolution.
Thermo-viscoplastic model
In order to calculate the viscoplastic (unrecoverable) deformations in HMA, Perzyna-type viscoplasticity constitutive equations as outlined in Masad et al. (2005) , Tashman et al. (2005) and Huang et al. (in press) are modified here and expressed in terms of the effective stress tensor r ij , Eq. (5), instead of the nominal stress tenor r ij . The constitutive equations are defined in the effective configuration since it is argued that once the material is damaged, further loading can only affect the undamaged (effective) region such that the viscoplasticity can only affect the undamaged material skeleton.
Rewriting Eq. (1) in the effective configuration and then taking the time derivative implies:
where _ e nve ij
and _ e vp ij are the nonlinear viscoelastic and the viscoplastic strain rates in the effective configuration, respectively. In Eq. (16) and subsequent equations, the superimposed dot indicates derivative with respect to time. The viscoplastic strain rate is defined through the following classical viscoplastic flow rule: Perzyna (1971) expressed the viscoplastic multiplier in terms of an overstress function and a viscosity parameter that relates the rate of viscoplastic strain to the current stresses, such that _ c vp can be expressed as follows:
where C vp is the viscoplastic viscosity parameter such that 1/C vp represents the viscoplasticity relaxation time according to the notion given by Perzyna, N is the viscoplastic rate sensitivity exponent, and U is the overstress function which is expressed in terms of the yield function f. Moreover, hÁi in Eq. (18) is the MacAulay bracket defined by hUi = (U + jUj)/2. The following expression can be postulated for the overstress function U:
where r 0 y is a yield stress quantity used to normalize the overstress function and can be assumed unity. Eqs. (17)- (19) indicate that viscoplasticity occurs only when the overstress function U is greater than zero.
Drucker-Prager-type yield surfaces have been used by number of researchers for describing the viscoplastic flow behavior of HMA since it takes into consideration confinement, aggregates friction, aggregates interlocking, and dilative behavior of HMA (c.f. Abdulshafi and Majidzadeh, 1985; Tan et al., 1994; Bousshine et al., 2001; Cela, 2002; Chiarelli et al., 2003; Seibi et al., 2001; Dessouky, 2005; Tashman et al., 2005; Masad et al., 2007; Saadeh et al., 2007; Huang et al., in press; Saadeh and Masad, 2010) . In this study, a modified Drucker-Prager yield function that distinguishes between the distinct behavior of HMA in compression and extension, and also takes into consideration the pressure sensitivity is employed (Dessouky, 2005) . However, this modified DruckerPrager yield function is expressed here as a function of the effective (undamaged) stresses, r ij , as follows:
where a is a material parameter related to the material's internal friction, jðe vp e Þ is the isotropic hardening function associated with the cohesive characteristics of the material and depends on the effective viscoplastic strain e vp e ; I 1 ¼ r kk is the first stress invariant, and s is the deviatoric effective shear stress modified to distinguish between the HMA behavior under compression and extension loading conditions, such that:
where J 2 ¼ 3S ij S ij =2 and J 3 ¼ ð9=2ÞS ij S jk S ki are the second and third deviatoric stress invariants of the effective stress tensor r ij , respectively, and d is a material parameter which is interpreted as the ratio of the yield stress in uniaxial tension to that in uniaxial compression. Therefore, d gives the distinction of HMA behavior in compression and extension loading conditions and considers the confinement effects, where
The d value should have a range of 0.778 6 d 6 1 in order to ensure that the yield surface convexity condition is maintained, as discussed by Dessouky (2005) .
Following the work of Lemaitre and Chaboche (1990) 
where j 0 , j 1 , and j 2 are material parameters; j 0 defines the initial yield stress, j 0 + j 1 determines the saturated yield stress, and j 2 is the strain hardening rate. Several studies have shown that the viscoplastic deformation of HMA, and geomaterials in general, is non-associated (e.g. Zeinkiewicz et al., 1975; Oda and Nakayama, 1989; Florea, 1994; Cristescu, 1994; Bousshine et al., 2001; Chiarelli et al., 2003) , which requires assuming a plastic potential function, g, not equal to the yield function, f. Hence, the direction of the viscoplastic strain increment is not normal to the yield surface, but to the plastic potential surface. The use of an associated flow rule (i.e. g = f) overestimates the dilation behavior of HMA when compared to experimental measurements . In order to obtain non-associative viscoplasticity, the Drucker-Prager-type function, Fðr ij Þ, in Eq. (20), can still be used where the parameter a is replaced by another parameter, b; defining the viscoplastic potential function as follows:
where b is a material parameter that describes the dilation or contraction behavior of the material. The effective viscoplastic strain rate _ e vp e is expressed as (Dessouky, 2005) :
From Eq. (23), one can write:
where d ij is the Kronecker delta and @s=@r ij is given by:
where @J 2 =@r ij ¼ 3S ij , and @J 3 =@r ij ¼ 27 2
Thermo-viscodamage model
Time-, rate-, and temperature-independent evolution equations for the damage variable, /, are not appropriate for predicting the damage nucleation and growth in HMA materials. Generally, the damage evolution, _ /, can be a function of stress, r ij , hydrostatic stress, r kk , strain, e ij , strain rate, _ e ij , temperature, T, and damage history, /, such that: _ / ¼ F r ij ðtÞ; r kk ðtÞ; e ij ðtÞ; _ e ij ðtÞ; TðtÞ; /ðtÞ Kachanov (1958) was the first to postulate a time-dependent damage law to describe creep damage, which has the following form:
where C 1 and C 2 are material constants, and r is the applied stress. Rabotnov (1969) assumed that damage also affects the rate of creep strain, _ e, and proposed the following evolution equations for creep strain and damage variable:
where C 1 , C 2 , n, m, c, and l are material constants. Since most processes are stress controlled, the evolution law of Eqs. (28) and (29) are functions of stress. However, for other types of loading conditions the dependency of evolution law on strain and other factors is inevitable. Hence, in several works, first of which was proposed by Rabotnov (1969) , the evolution law was expressed in terms of strain. He eliminated the stress from the evolution law and proposed an exponential form in terms of strain as follows:
where k is a material constant. Belloni et al. (1979) proposed the following creep damage law:
where C, a, b, c, d are material constants, and t is time. Afterwards, relying on several sets of experiments, it was implied that strain is the most important one, and proposed the first approximation for the damage variable as:
Cozzarelli and Bernasconi (1981) and Lee et al. (1986) used this idea and proposed the following differential evolution law:
/ðtÞ ¼ Ce c ðtÞ
where C, a, c and d are material constants, e c is the creep strain, and r(s) is the applied stress at specific time s. Schapery (1990) used the concept of viscoelastic fracture mechanics (Schapery, 1975 (Schapery, , 1984 (Schapery, , 1987 along with the elasticviscoelastic correspondence principle and continuum damage mechanics to model the growing damage in viscoelastic media, where the following power-law evolution eqaution has been proposed for a damage parameter designated as S:
where a is a material constant, and W R is the pseudo strain energy density defined as
with e R being the pseudo strain given by
where E(t) is the relaxation modulus in uniaxial loading, E R = 1 is a reference modulus, and w t is the reduced time defined in Eq. (8).
Moreover, Park et al. (1996) , Chehab et al. (2002) , Kim et al. (2005 Kim et al. ( , 2008 and Underwood et al. (2006) have used Schapery's model to simulate the damage evolution in HMA. Motivated and guided by the aformentioned damage evolution laws, in this study, the first approximation of the damage evolution law is proposed as an exponential form of the total effective strain:
where C u is a damage viscousity parameter, e (1)) and k is a material parameter. The dependence of the damage density evolution equation on the total strain implicitly couples the damage model to the viscoelasticity and viscoplasticity models. Hence, changes in loading time, rate, and temperature implicitly affects the damage evolution through changes in viscoelastic and viscoplastic strains. However, time of rupture in creep tests and peak point in the stress-strain diagram for the constant strain rate tests are highly stress dependent. Therefore, one may assume the damage viscousity variable (in Eq. (37)) to be a function of stress. Here, a power law function is postulated for expressing the stress dependency of the damage viscosity parameter, such that:
where q is the stress dependency parameter; C u 0 and Y 0 are the reference damage viscousity parameter and the reference damage force obtained at a reference stress for a creep test; and Y is the damage driving force in the nominal (damaged) configuration, which can be assumed to have a modified Drucker-Prager-type form, such that:
where s is introduced in Eq. (21). Note that s is expressed in the nominal configuration and is a function of the nominal stress r ij instead of the effective stress r ij . In continuum damage mechanics, Y is interpreted as the energy release rate necessary for damage nucleation and growth (Abu Al-Rub and . Assuming the damage force to have a Drucker-Prager-type form is a smart choice since it allows the damage evolution to depend on confining pressures, and to take into consideration the distinct response of asphalt concrete mixes under extention and compression loading conditions through the parameter d in Eq. (21). Also, assuming the damage viscousity parameter to be a function of the damage force, Y, in the nominal (damaged) configuration instead of the effective (undamaged) configuration allows one to include damage history effects, such that by using the effective stress concept in Eq. (5) one can rewrite Y as follows:
Moreover, the damage density evolution highly depends on temperature. In this work, the proposed damage evolution law is coupled with temperature through a damage temperature function G(T), which will be identified later in Section 4 based on experimental observations. Hence, the following damage evolution law can be obtained using Eqs. (37), (38) and (40):
In the following section, numerical algorithms for integrating the presented thermo-mechanical viscoelastic, viscoplastic, and viscodamage evolution equations will be detailed, and the associated material constants will be indentified based on available experimental data.
Numerical implementation
Using the effective stress concept in the undamaged configuration substantially simplifies the numerical implementation of the proposed constitutive model. One can first update the effective stress, r ij , based on the nonlinear viscoelasticity and viscoplasticity equations, which are expressed in the effective (undamaged) configuration, then calculate the damage density based on Eq. (41) , and values of the stress and internal variables from the previous step (i.e. at time t À Dt), one can obtain the updated values at the end the time increment (i.e. at time t). Therefore, one can decompose the total strain in Eq. (1), the effective viscoplastic strain in Eq. (24) 
The viscoelastic volumetric and deviatoric strain increments can be expressed from Eqs. (14) and (15) 
where the variables q tÀDt ij;n and q tÀDt kk;n are the deviatoric and volumetric components of the hereditary integrals for every Prony series term n at previous time step t À Dt, respectively. The hereditary integrals are updated at the end of every converged time increment, which will be used for the next time increment, and are expressed as follows (Haj-Ali and Muliana, 2004): 
The viscoplastic strain increment in Eqs. (17) and (18) can be rewritten as follows:
where Dc vp;t can be written from Eqs. (18) and (19) as follows: 
Substituting Eqs. (24) and (49) 
Deviatoric and volumetric increments of the trial stress for starting the coupled nonlinear viscoelastic and viscoplastic algorithm can be expressed as follows (see Huang et al., 2007) : 
According to Wang et al. (1997) , one can define a consistency condition for rate-dependent plasticity (viscoplasticity) similar to the classical rate-independent plasticity theory such that a dynamic (rate-dependent) yield surface, v, can be expressed from Eqs. (18)- (20) as follows:
The Kuhn-Tucker loading-unloading condition (consistency) is valid also for the dynamic yield surface v, such that: 
At the k + 1 iteration, the viscoplastic multiplier can be calculated as follows:
The above recursive-iterative algorithm with the Newton-Raphson method is used to obtain the current effective stress and the updated values of viscoelastic and viscoplastic strain increments by minimizing the residual strain defined as:
The stress increment at the k + 1 iteration is calculated by:
where the differential of R t ij gives the consistent tangent compliance, which is necessary for speeding convergence and can be derived as follows: 
where @ 2 g=@r ij @r kl is given by:
Damage is implemented using the effective configuration concept. As mentioned earlier, the total updated effective stress can be calculated from Eq. (44) once the updated effective stress increment is calculated using Eq. (60). The final viscoelastic and viscoplastic strains can then be calculated from Eqs. (42) and (45)-(50). The updated strains and stresses in the effective configuration along with Eqs. (21), (39) and (41) can be used to calculate the rate of the damage density. The updated damage density can simply be calculated using Eq. (64), such that:
Finally, Eq. (5) can be used to update the final nominal stress. Effective configuration concept is numerically attractive since it allows the calculation of the effective stresses decoupled from damage, which eliminates the complexities due to explicit couplings between the damage model and the rest of the constitutive model (i.e. viscoelasticity and viscoplasticity). It should be noted that the healing process is not included in this damage model. Hence, negative damage density rates are not accepted and are set to zero. The above formulated numerical algorithms are implemented in the well-known commercial finite element code Abaqus (2008) via the user material subroutine UMAT in order to obtain the model predictions. The finite element model considered here is simply a three-dimensional single element (C3D8R) available in Abaqus.
Model calibration
In this section, the presented thermo-viscoelastic-viscoplasticviscodamage constitutive model is calibrated using a set of experimental data on HMA mixes tested at different stress levels, strain rates, and temperatures. The asphalt mixture used in this study is described as 10 mm Dense Bitumen Macadam (DBM) which is a continuously graded mixture with asphalt binder content of 5.5%. Granite aggregates and an asphalt binder with a penetration grade of 70/100 are used in preparing the asphalt mixtures. Cylindrical specimens with a diameter of 100 mm and a height of 100 mm are compacted using the gyratory compactor (Grenfell et al., 2008) . Single creep-recovery tests under direct compression are conducted over a range of temperatures and stress levels in order to determine the viscoelastic and viscoplastic material parameters at a reference temperature as well as viscoelastic and viscoplastic temperature shift factors. The creep-recovery test applies a constant step-loading and then removes the load until the rate of recovered deformation during the relaxation period is approximately zero. The load is held for different loading times (LT) and the response is recorded for each LT. The creep (without recovery) test at different temperatures and different applied stresses are used to calibrate and verify the thermo-viscodamage model. The creep test applies a constant step-loading and measures the corresponding creep strain. Usually, the load will not be removed until failure occurs. Table 2 lists a summary of the tests used for the determination of the constitutive model parameters.
Identification of viscoelastic-viscoplastic model parameters
The procedure for the determination of the viscoelastic and viscoplastic parameters associated with the currnet viscoelastic and viscoplastic constitutive equations has been thoroughly discussed by Abu Al-Rub et al. (2009) and Huang et al. (in press ) based on creep-recovery tests. Since the viscoplastic strain does not evolve during the recovery part in the creep-recovery test, one can extract the viscoelastic response from the recovery part in tests performed at low stress levels and short loading periods in order to avoid damage evolution. Then, the viscoelastic model parameters (i.e. the Prony series coefficients in Eq. (9) and the viscoelastic nonlinear parameters in Eq. (7)) can be identified by analyzing the viscoelastic strain response during the recovery at a reference temperature (i.e. at T = 20°C in this study).
Once the viscoelastic model parameters are obtained, one can then calculate the viscoplastic strain by subtracting the viscoelastic strain from the total strain measurements. The viscoplastic model parameters can then be determined from the extracted viscoplastic response. As mentioned before, the loading times in the creeprecovery tests were rather short (see Fig. 2) ; hence, one can assume that the material is not damaged during these tests or at least the introduced damage is insignifant. The obtained viscoelastic and viscoplastic model parameters at the reference temperature are listed in Table 3 .
It is noteworthy that it is practicaly impossible to determine the instantanous compliance, D 0 , from the creep-recovery tests at high temperatures. Hence, one can use either a creep-recovery test at low temperatures (room temperature and lower) or from the initial response in the constant strain rate tests at different temperatures.
Identification of viscodamage model parameters
The induced damage in the conducted creep-recovery tests can be assumed to be insignificant since the loading durations in the creep-recovery tests are very short (see Fig. 2 ). However, in other tests, such as the creep tests, the loading times are long enough for damage to evolve. The damage evolution causes the secondary and the tertiary creep phenomena to occur. Since the secondary and tertiary creep behaviors are mostly due to damage evolution, the model is calibrated based on the creep tests. In order to calibrate the viscodamage model at the reference temperature (i.e. at 20°C), the identified viscoelastic and viscoplastic model parameters at the reference temperature (as listed in Table 3 ) are used for predicting the creep tests. However, because of the induced damage, the model prediction without the viscodamage model significantly underestimates the creep strains in secondary and tertiary creep regions. This difference is attributed to damage and should be compensated for by using the viscodamage model. At the reference temperature (i.e. T = T ref ), the viscodamage temperature coupling term has the value of one (i.e. G(T ref ) = 1). Therefore, at the reference temperature, Eq. (41) simplifies as follows:
The first step for the determination of the viscodamage model parameters is to select an arbitrary reference stress level. In this work, the stress level of 1000 kPa is selected as the reference stress 
However, since the nominal stress during the creep test remains constant with time, then one can conclude that Y = Y 0 when the applied stress is r ref . Therefore, at the selected reference stress level the viscodamage law simplifies to the following form:
where the reference damage viscosity parameter C u 0 and the strain dependency model parameter k can then be calibrated from a creep test at the reference temperature, 20°C, and the reference stress level, 1000 kPa. The last step is to determine the stress dependency viscodamage model parameter q. This parameter can simply be determined using another creep data at the reference temperature but at a stress level different from the reference stress level. Hence, the viscodamage model parameters can be determined using two creep tests at a reference temperature. The identified viscodamage model parameters at 20°C are listed in Table 4 .
As discussed in this section, the proposed viscodamage model has the advantage of allowing one to systematically identify the corresponding material constants in a simple and straightforward manner.
Identification of temperature coupling parameters
It is not convenient to introduce a whole different set of material parameters for each temperature as done by Abu Al-Rub et al. (2009) and Huang et al. (in press) . Therefore, in this study, the procedure outlined in Sections 4.1 and 4.2 can be used for determination of the viscoelastic, viscoplastic, and viscodamage model parameters at a reference temperature, T ref , and the model's ability to predict the response at other temperatures is achieved through some temperature coupling terms as discussed next.
The viscoelastic-viscoplastic material responses at other temperatures can be captured using the temperature time-shift factor for both viscoelasticity and viscoplasticity. The reduced time concept (Eq. (8)) can be used for introducing the temperature timeshift factor a T in the viscoelasticity constitutive equations. Whereas, the viscoplasticity constitutive equations are coupled to temperature by replacing the time increment Dt with the reduced time increment Dt=a vp T , such that the dynamic viscoplasticity yield surface in Eq. (54) can be rewritten as follows:
where a vp T is the viscoplasticity temperature coupling term or the viscoplasticity temperature time-shift factor. Note that Eq. (68) implies that the viscoplasticity temperature coupling term should also be introduced in the viscoplasticity flow rule, Eq. (17), such that:
Furthermore, it is commonly known that viscoelastic materials become more viscous at high temperatures and more elastic at low temperatures. Experimental data show different initial responses at different temperatures for creep-recovery tests and displacement control tests. These initial responses can be characterized by the initial compliance D 0 , which increases as temperatures increases. The temperature dependency of D 0 can be captured using the parameter g 0 ðr ij ; TÞ in Eq. (7). This approach has been used by Muliana and Haj-Ali (2008) to model the creep response of polymers at different temperatures.
In this study, the same temperature coupling terms are assumed for both the viscoelastic and viscoplastic models (i.e. a T ¼ a vp T Þ as suggested by the experimental study of Schwartz et al. (2002) on asphalt mixtures. The values of the viscoelastic and viscoplastic temperature coupling parameters are obtained from the creep-recovery tests at different temperatures. The creep compliance J(t) can be calculated using experimental data at different temperatures (see Fig. 1(a) ) using the following relation:
Fig. 1(a) and (b) shows the experimental data at different temperatures before and after shifting, respectively. By shifting the experimental data horizontally one can get the viscoelastic-viscoplastic temperature time-shift factor, a T , for each temperature. The temperature-dependent nonlinear parameter g 0 can also be determined by comparing the initial response at different temperatures. The obtained values for a T and g 0 at different temperatures are listed in Table 5 . Arrhenius-type equations are used for expressing the viscoelastic and viscoplastic temperature coupling terms, such that one can write:
where h 1 and h 2 are material parameters and T ref is the reference temperature. Based on the listed values in Table 5 , the following values are obtained for the viscoelastic and viscoplastic temperature coupling parameters (h 1 = À4.64 and h 2 = 1.73). Eqs. (71) and (72) can be used to predict the values of a T ; a vp T , and g 0 at temperatures for which the experimental data are not available. It is noteworthy that assuming the same temperature time-shift factor for both viscoelasticity and viscoplasticity saves significant amount of experimental tests needed for calibrating the thermo-viscoplastic response of asphaltic materials.
The reduced time (or time-shift) concept as used in viscoelasticity and viscoplasticity for including temperature effects can also be used in the viscodamage model for predicting the damage evolution in asphalt mixes at different temperatures. Similarly, one can replace the time increment Dt in the damage evolution equation (Eq. (66) Table 4 Viscodamage model parameters at the reference temperature, T = 20°C. where a u T is the viscodamage temperature time-shift factor. Comparing Eqs. (40), (41) and (73) implies that the viscodamage temperature coupling term G(T) has an inverse relationship with the viscodamage temperature time-shift factor a u T , such that:
Material properties listed in Tables 2-5 along with the viscodamage temperature coupling term, G(T), can be used to predict the creep response at different temperatures and stress levels. Table 6 Temperature coupling term model parameters (Eqs. (71), (72) and (75)). In order to predict the behavior at temperatures for which the experimental data is not available, temperature time-shift factors along with the viscodamage temperature coupling term are needed. In the previous section, exponential functions are assumed for the viscoelastic and viscoplastic temperature parameters a T ; a vp T , and g o as presented in Eqs. (71) and (72). A similar procedure is also used to establish a relationship for G(T) in Eq. (41) such that one can assume:
where h 3 is a material constant. The calibrated values for the temperature coupling term model parameters h 1 , h 2 , and h 3 in Eqs. (71), (72), and (75), respectively, are listed in Table 6 .
Model validation
The identified thermo-viscoelastic-viscoplastic-viscodamage model parameters listed in Tables 3, 4 , and 6 are used in this section to validate the model against another set of experimental data listed in Table 7 that have not been used in the calibration process.
The tests used for validating the model include creep-recovery, creep, and constant strain rate tests at different stress levels, strain rates, loading times, and temperatures.
Creep-recovery tests
The identified model parameters are used in this section for comparing the model predictions and creep-recovery tests at different temperatures, stress levels, and loading times. Model predictions and experimental measurements of the creep-recovery tests at temperatures 10°C, 20°C, and 40°C are shown in Fig. 2(a)-(c) , respectively. Fig. 2(a) and (b) show good agreements between the experimental measurements and model predictions at temperatures 10°C and 20°C. However, the constitutive model significantly underestimates the experimental measurements at 40°C. Obviously, more experimental measurements are needed in order to identify the viscoelastic-viscoplastic temperature time-shift factor at high temperatures such as 40°C. Authors are currently investigating this issue.
Creep
The comparisons between experiments and model predictions for the creep tests at the reference temperature 20°C are shown in Figs. 3 also show that the model is able to predict the tertiary creep region accurately. The model capability for predicting the tertiary creep response makes it possible to predict the failure time which is very important in predicting the pavement life. The model predictions for creep tests at other temperatures (10°C and 40°C) are shown in Figs. 5 and 6. Fig. 5 shows good agreement between model predictions and experimental measurements at 10°C. Although model predictions at 40°C (see Fig. 6 ) are not accurately close to experimental measurements, the model still predicts the tertiary creep region and time of failure pretty well. As it is obvious from Figs. 3-6, time of failure changes significantly with changes in stress levels and temperatures (e.g. it varies from couple of seconds at 40°C to minutes and hours at lower temperatures). However, the model shows reasonable predictions for time of failure at different temperatures and stress levels.
The corresponding damage densities versus total strain are plotted in Fig. 7 for the model predictions at different temperatures. Fig. 7 shows that the damage density is close to zero or insignificant at low strain levels, and increases as strain and applied stress increases. Fig. 7 also shows that the damage density grows almost with a constant slope for a while, where in this region the steady creep or secondary creep occurs. After this region damage grows with a higher rate until the rupture point. This region corresponds to tertiary creep. It is interesting to note that the damage density evolution follows an S-like curve, which is physically sound.
Uniaxial constant strain rate
In this subsection, the model predictions are compared to the available experimental data for the uniaxial constant strain rate tests for further model verification. Generally, material parameters obtained from the stress control tests do not give a good prediction for the displacement control cases. The reason is due to the mechanism that material experiences during the stress control and displacement control tests. For displacement control case, aggregate breakage occurs and binder is forced to squeeze out of the available space between aggregates, which is not the case for the stress Fig. 8. Fig. 8 shows that the model is able to capture strain rate effect on initial response, post-peak behavior, and peak point of the stress-strain diagram. Moreover, the shape of the stress-strain diagram for the model prediction and experimental measurements are very similar. Comparison between the model predictions and the experimental data at 10°C and 40°C are shown in Figs. 9 and 10, respectively. These figures clearly show that the temperature-and rate-dependent responses of the HMA materials can be captured by the proposed model.
It is emphasized again that predictions are carried out using one set of material parameters along with the temperature dependent terms which are determined from stress control tests. The damage density versus the total strain for the model predictions that correspond to Figs. 8-10 is plotted in Fig. 11 for different strain rates and temperatures. Again, Fig. 11 shows that damage is close to zero at low strain levels. The maximum value of the rate of the damage density occurs at the peak point of the stress-strain diagram. The damage rate decreases after the stress-strain peak point. One may consider the inflection point of the damage density-strain diagram as the strain at which the maximum nominal stress occurs.
6. Parametric study
Creep
Once the thermo-mechanical viscoelastic-viscoplastic-viscodamage model parameters are determined, the model can be used for predicting creep response of HMA at different temperatures and stress levels up to failure. Hence, the implemented model along with the identified material parameters are used to predict the creep response for a wide range of temperatures, but at the same stress level of 1000 kPa. These predictions are shown in Fig. 12 . Fig. 12(a) and (b) show that for low temperatures (10°C and 15°C) the tertiary flow does not occur even after long loading times, whereas tertiary flow occurs very fast at higher temperatures.
Uniaxial constant strain rate
The effect of viscodamage model parameters in Eq. (41) on stress-strain response for the constant strain rate loading case is investigated in this section. The parametric study on different parameters of the model is conducted at T = 20°C and _ e ¼ 0:0005=s. The effect of the damage viscosity parameter C u 0 on the stress-strain and the damage density-strain responses is shown in Fig. 13 . As it can be seen from Fig. 13(b) , C u o affects the rate at which damage grows. In fact, lower damage viscosity values delay the damage growth. It is noteworthy that both the viscoplasticity and viscodamage viscosity parameters have the dimension of s
À1
. They also have similar effects on the rates of viscoplastic strain or viscodamage density. In fact, the viscoplasticity viscosity parameter, C vp , delays or accelerates the evolution of the viscoplastic strain, whereas the viscodamage viscosity parameter delays or accelerates the damage density evolution in the material.
Stress-strain and damage density-strain diagrams for different k values in Eq. (41) are plotted in Fig. 14. Unlike the effect of parameter C u 0 , which affects the damage density value and stress strain diagram proportionally, the effect of k is significant at high Stress-strain and damage density-strain graphs are plotted in Fig. 15 for different values of the stress dependency parameter q. The most important effect of the parameter q is that it controls the shape of the stress-strain diagram at the post-peak region. It determines how steep the softening region could be. Moreover, by setting the proper value for q, one can set the shape of the damage density-strain diagram to be compatible with specific material which is under study. Most of the times the S-like shape for damage density versus strain is reasonable. As it is obvious from Fig. 15(b) , the damage density versus strain is an S-like function and its characteristics changes by different q values.
The most important aspect of the proposed damage model is that the peak point occurs at the point when the damage density rate has its maximum value. This behavior was expected since the damage force, Y, is selected to be the nominal value instead of the effective one. The reference damage force, Y 0 , is the last parameter of the viscodamage model to be investigated qualitatively. Fig. 16(a) and (b) show the stress-strain and damage density-strain diagrams for different Y 0 values, respectively. These figures show that Y 0 does not significantly affect the shape of stress-strain diagram and the damage density-strain diagram. This parameter keeps the shape and changes the peak values in the stress-strain diagrams. Hence, one can control the peak point and the post-peak behavior of the stress-strain diagram by selecting proper values for Y 0 and q, respectively.
Conclusions
The focus of this study is on the development of temperature, rate-, and time-dependent continuum damage model coupled to temperature-dependent viscoelasticity and viscoplasticity models for accurately predicting the nonlinear behavior of asphalt mixes. Computational algorithms are presented for numerically integrating and implementing the proposed constitutive model in finite element codes. The use of the effective stress concept in continuum damage mechanics greatly simplifies the numerical implementation of the highly nonlinear constitutive models presented in this study. A systematic procedure for identifying the thermo-viscoelastic, thermo-viscoplastic, and thermo-viscodamage model parameters is presented. Especially, it is shown that the viscodamage model parameters can be determined simply by analyzing the secondary and tertiary creep responses of asphalt mixes occurring in the creep tests. Comparing the experimental results and model predictions for the creep test reveals that the damage model should be a function of both stress and strain tensors. The damage model is enhanced by incorporating a parameter that accounts for the difference in damage under compression and extension state of stresses. Viscoelasticity and viscoplasticity responses are formulated to be functions of temperature using the temperature time-shift factor concept. The results show that the temperature time-shift factor should be included in both viscoplasticity yield function and viscoplasticity flow rule. Comparisons of the creeprecovery tests at different temperatures show that making both viscoelasticity and viscoplasticity temperature-dependent through the temperature time-shift factors works well over a range of temperatures.
The viscodamage model is coupled with temperature using an exponential multiplicative term in the viscodamage evolution law. Model predictions are compared with experimental data for the case of creep test at different temperatures and stress levels. These comparisons show that despite the fact that the viscoelasticity and viscoplasticity temperature time-shift factor does not match the experiments very well at high temperatures, the temperature-dependent viscodamage model predicts the experimental measurements very well. The time at which tertiary creep occurs and the slope of secondary creep region are in good agreements with experimental results.
The calibrated model is used to model the uniaxial constant strain rate tests over a range of temperatures and strain rates. The results validate the model since its predictions of the numerical results compare well with the experimental measurements validating the model capabilities.
The present analysis only considers creep-recovery, creep, and uniaxial constant strain rate tests; therefore, it is necessary to analyze more different tests and more experimental data to fully validate the proposed model. Furthermore, since the ultimate goal is to predict the response of asphalt concrete mixes during its service life, it seems necessary to include environmental factors (e.g. moisture, aging) in the model. Particularly, the inclusion of moistureinduced damage which is one of the most important factors in deteriorating the asphalt concrete mixes during their service life is important. The focus of future works by the authors will be on incorporating in the present constitutive model moisture-induced damage, aging, and healing continuum-based constitutive models, and on applying the constitutive model to predict the realistic pavement response during its service life.
